The force-based quasicontinuum (QCF) approximation is a nonconservative atomistic/continuum hybrid model for the simulation of defects in crystals. We present an a priori error analysis of the QCF method, applied to a onedimensional periodic chain, that is valid for an arbitrary interaction range, large deformations, and takes coarse-graining into account. Our main tool in this analysis is a new concept of atomistic stress. Moreover, we formulate a new atomistic/continuum coupling mechanism based on coupling stresses instead of forces and extend the a priori analysis to this new method. We show that the new method has several theoretical advantages over the original QCF method.
Introduction
Atomistic/continuum hybrid models are often employed to describe localized defects in a long-range elastic field. While atomistic models are needed to provide accurate descriptions of defects they are usually too expensive computationally to allow sufficiently large-scale simulations that resolve the elastic far-field, which can, instead, be modelled efficiently by a coarse-grained continuum model. Methodologies for coupling the two different material descriptions were first described in [15, 16, 24, 31] ; more recent examples are [1, 11, 14, 28, 32] . The numerical analysis of atomistic/continuum hybrid methods is a topic of active research [4, 5, 8, 9, 11, 12, [17] [18] [19] 23, 25, 26] . We also mention [21, 22] for recent overviews of the field.
Despite several creative (and sometimes complex) attempts [11, 30, 32] considerable obstacles remain for the formulation of accurate energy-based coupling mechanisms. By contrast, force-based coupling mechanisms [4, 15, 16, 31] are comparatively simple in their formulation and, more importantly, they do not suffer from the interfacial consistency errors exhibited by most energy-based methods [5, 23] . The force-based quasicontinuum (QCF) method [4] is a prototypical example of a force-based atomistic/continuum hybrid method and is the focus of the present paper.
A series of recent articles [7] [8] [9] [10] was devoted to the study of a linearized QCF operator in one dimension. This analysis revealed some unexpected and potentially undesirable (in)stability properties. The fact that the QCF method makes no modification of the forces at the interface gives rise to a hidden coupling mechanism that can only be observed in a weak representation of the operator and has the effect that the QCF operator is generically indefinite and that it is unstable in discrete variants of W 1, p -spaces for 1 ≤ p < ∞. Nevertheless, it is possible to prove stability in a discrete W 1,∞ -space [9], a fact we shall also use in our error analysis.
The first purpose of the present work is to extend the analysis of the QCF method to include finite range interaction, large deformations, and also to take into account the coarse-graining of the continuum model, a step that was previously disregarded. Our analysis is still restricted to a one-dimensional model, which is primarily due to the fact that we are lacking the techniques that would allow us to prove stability in higher dimensions. Our main tools in this analysis are a new atomistic stress function (Sect. 3.1) and the resulting atomistic/continuum model error estimate in terms of stresses (Sect. 3.2). Moreover, the atomistic stress function provides a new perspective on the interface terms in the weak form of the QCF operator (Sect. 4.1). In Sects. 4.2 and 4.3 we establish stability and consistency of the method in a suitable function space setting, which we combine into an a priori error estimate in Sect. 4.4. We obtain a superconvergence result that is formally of second order.
The second purpose of this paper is to formulate and analyze a new force-based coupling mechanism that does not suffer from the deficiencies of the QCF method mentioned above. Our starting point is the observation that the stress is a more natural concept in continuum mechanics than the force. Indeed, since we have a representation of the atomistic force in its weak form in terms of the atomistic stress function it is natural to couple stresses as opposed to forces (as in the QCF method). This leads to a new stress-based atomistic/continuum coupling mechanism (SAC method) that we analyze in Sect. 5. Our results for the SAC method are similar to those for the QCF
